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1) 
THE CONTINUOUSLY SUPPORTED M I L  

SUBJECTED TO AN AXIAL FORCE AND A MOVING LOAD 

by 

2)  Arnold D. Kerr 

SUMMARY 

The r e c e n t  p r a c t i c e  of welding r a i l r o a d  ra i ls  t o  each o t h e r  

sugges ts  t h a t  cons ide rab le  axial  compress ion  f o r c e s  may be induced i n  

t h e  rails because of a raise i n  temperature.  This i n  tu rn  may reduce 

t h e  c r i t i c a l  v e l o c i t y  f o r  t h e  t r a c k  t o  the  range of ope ra t iona l  v e l o c i t i e s  

of  modern high speed t r a i n s .  The purpose of  t he  paper is  t o  demonstrate 

t h a t  t h i s  is indeed a p o s s i b i l i t y .  

I NT RO DUCT I O N  

The response of  a cont inuously supported beam subjec ted  t o  moving 

loads ,  was conducted f i r s t ,  i n  connect ion w i t h  t h e  de te rmina t ion  of 

stresses i n  r a i l r o a d  t r a c k s ,  by S. Timoshenko [l]. The obtained r e s u l t s  

i nd ica t ed  t h a t  t h e r e  exist  a c r i t i ca l  v e l o c i t y ,  v a t  which t h e  de- 

f l e c t i o n s  become very  l a rge .  For assumed va lues  of  a ra i l  and t h e  

c r ’  

foundat ion parameter,  Timoshenko found t h a t  v is  about 1200 m i l e s  

p e r  hour,  about t e n  t i m e s  l a r g e r  than  the  h i g h e s t  speed of a locomotive 

c r  

a t  t h e  t ime, and concluded t h a t  t h e  s ta t ic  equat ions  are s u f f i c i e n t  f o r  

t h e  a n a l y s i s  of stresses i n  r a i l r o a d  rails. 

New technologica l  problems, connected wi th  t h e  cons t ruc t ion  of 

h igh  speed rocket  t es t  t rack6 [23, and the  use o f  f l o a t i n g  ice p l a t e s  

1) 

2 )  Profes so r ,  Department of Aeronautics and Ast ronaut ics ,  New York 

Research sponsored under Nat ional  Aeronautics and Space Adminis t ra t ion 
g r a n t  no. NGZr33-016-067. 

Univers i ty ,  New York, N.Y.  



on water as a pavement f o r  moving v e h i c l e s  [3], a c c e l e r a t e d  t h e  r e sea rch  

a c t i v i t i e s  i n  t h i s  area. A l a r g e  number of t h e s e  r e s u l t s ,  f o r  beams, as 

w e l l  as p l a t e s ,  are d i scussed  i n  a r ecen t  survey by A.D. Kerr f4). 

The r e c e n t  i n t e r e s t  i n  h igh  speed t r a i n s  generated new i n t e r e s t  i n  

t h e  response of cont inuously supported beams sub jec t ed  t o  moving loads.  

I n  o r d e r  t o  i n c r e a s e  passenger comfort and a t  t h e  same t i m e  dec rease  t h e  

wear o f  t h e  rail  and base,  t h e  i n d i v i d u a l  ra i ls  are p r e s e n t l y  jo ined  by 

welding t h e  ra i l  ends t o  each o t h e r  [SI. Because of t h e  l a c k  of expansion 

j o i n t s ,  f a l l i n g  o r  r i s i n g  temperatures may cause cons ide rab le  a x i a l  com- 

p r e s s i o n  o r  t ens ion  f o r c e s  i n  t h e  ra i l ,  It is reasonable  t o  expect  t h a t  

an  a x i a l  compression f o r c e  may reduce v * p o s s i b l y  t o  t h e  range of 

o p e r a t i o n a l  v e l o c i t i e s  of modern high speed t r a i n s .  The purpose of t h e  

p re sen t  paper is t o  demonstrate t h a t  t h i s  i s  indeed a p o s s i b i l i t y .  

cr’  

It appears  t h a t  t h e r e  i s  no a n a l y s i s  which takes  i n t o  c o n s i d e r a t i o n  

t h e  e f f e c t  o f  axial. f o r c e s  upon v o f  cont inuously supported beams (see 

[ 4 1 ) .  

which rests on a Winkler foundation, is sub jec t ed  t o  a moving concentrated 

load  P and a cons t an t  axial f o r c e  N, as shown i n  Fig. 1. The i n v e s t i g a t i o n  

is  based on t h e  d i f f e r e n t i a l  equa t ion  

cr 

To s tudy  t h i s  e f f e c t ,  i n  t h e  fol lowing w e  analyze a n  i n f i n i t e  beam 

a 4 w  a2 3 W  

ax ax a t  E 1 4  + N a  + m -  + kw = P b ( x , t )  

where w is the  lateral  d e f l e c t i o n ,  E 1  is t h e  f l e x u r a l  r i g i d i t y  of the 

beam, m i s  t h e  mass o f  t he  beam p e r  u n i t  l e n g t h  of a x i s ,  and k i s  t h e  

foundat ion parameter. 

THE PROPAGATION OF FREE WAVES 

Before d i s c u s s i n g  t h e  s o l u t i o n  of equ. (l), w e  s tudy  f i r s t  t he  

propagat ion of f r e e  waves i n  t h e  i n f i n i t e  beam; r e s u l t s  needed later. 
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For t h i s  purpose w e  s u b s t i t u t e  t h e  wave type express ion  

w(x, t )  = w 0 s i n  [% (x-ct)] 

i n t o  equ. (1) w i t h  P = 0, and o b t a i n  

Above equat ion  is s a t i s f i e d  f o r  any t and x when t h e  term i n  t h e  f i r s t  

b racke t  is zero,  hence when 

Thus, express ion  (2) i s  a s o l u t i o n  of t h e  homogeneous equ. (1) when c 

s a t i s f i e s  equ. (3) .  It rep resen t s  an  i n f i n i t e  wave t ra in  wi th  ampli tude 

w wave l e n g t h  1, and propagat ion v e l o c i t y  e. 
0’  

When N = 0, equ. (3) reduces t o  t h e  one obtained by J. dbrr [6]. 

The corresponding graph is shown schemat i ca l ly  i n  Fig.  2.  The va lue  

C i s  obtained from t h e  cond i t ion  [ a ~ / a ( 2 r r / X ) ] ~ - ~  - = 0. It is 

e a s i l y  found t h a t  i t  i s  loca ted  a t  

N=O min I 

and t h a t  

C 

N=O min I 
When c = 0, equ. (3) reduces t o  

The graphica l  p r e s e n t a t i o n  of above equat ion  is a l s o  shown i n  Fig.  2. 

The minimum va lue  of N is obtained from the  cond i t ion  [aN/a(2rr/X)lc=0 = 0. 

It is found t o  t ake  place f o r  

(9) = 4K 
3 



and t h a t  

cr  = 2 J kEI '=  N 
c=o Nmin 1 (7) 

t he  c r i t i c a l  buckl ing  load of  t h e  i n f i n i t e  beam [7]. 

Comparing ( 4 )  and ( 6 ) ,  i t  fol lows t h a t  bo th  minima are loca ted  a t  

t h e  same va lue  of (ZIT/),). It may be e a s i l y  shown t h a t  f o r  any f ixed  

N Z  

( 4 )  o r  (6) and t h a t  t h e  corresponding c is 

t h e  corresponding c i s  loca ted  a t  t h e  (21~/X)-value given i n  
Nc r min 

min 

The above r e s u l t s  sugges t  t h e  r ewr i t i ng  of  equ. (3) i n  t h e  fol lowing 

non-dimensional form: 

C 

C c r  N=O mini 

where 

The g raph ica l  p r e s e n t a t i o n  of  equ. (9) i s  shown i n  Fig. 3. 

It should be noted t b a t ,  f o r  each N 2 NCr, t h e  propagat ion v e l o c i t y  c 

depends a l s o  upon t h e  wave l eng th  X and t h a t  t h e  wave t r a i n s  of t h e  type (2) do 

exis t :  on ly  f o r  c 2 c 

sponding c .+ 03. 

t o  each c > c t h e r e  always correspond two waves wi th  d i f f e r e n t  wave 

l eng th  1. That i s ,  f o r  a f i x e d  N e  N two waves, each wi th  a d i f f e r e n t  

wave l e n g t h  A ,  may propagate  w i t h  the  same v e l o c i t y .  

When t h e  wave l e n g t h  X -, 0 o r  X - 03, t h e  corre-  min' 
< 

From Fig. 3 i t  may a l s o  be seen t h a t  f o r  a f ixed  N = Ncr, 

rnin 

cr '  

To the  propagat ion v e l o c i t y  c t h e r e  corresponds only one wave (2) min 

w i t h  t h e  wave l eng th  given i n  ( 4 ) .  An important f e a t u r e  of  t h e  r e s u l t s  

presented above i s ,  t h a t  cmin decreases  with inc reas ing  N, ( i , e . ,  wi th  

4 



i n c r e a s i n g  compression f o r c e )  and t h a t  c becomes zero a t  N With 

dec reas ing  N ,  (i. e., w i th  i n c r e a s i n g  t e n s i o n  f o r c e ) ,  c inc reases .  

(8) i t  follows t h a t  f o r  any N > Ncr t h e  propagat ion 

min c r *  

min 

From equ. 

v e l o c i t y  c i s  a complex number. This i s  a l s o  t h e  case f o r  an  

N < Ncr and any c va lue  beyond t h e  c = 0 curve shown i n  Fig. 2 and 

Fig. 3. 

min 

BEAM SUBJECTED TO A MOVING LOAD P 

We cons ide r  now t h e  response of a beam when it  is sub jec t ed  t o  a 

load P t h a t  moves a t  a cons t an t  v e l o c i t y  v as shown i n  Fig. 1. The 

d i f f e r e n t i a l  equat ion which d e s c r i b e s  the  beam response is  given i n  (1). 

Because of t h e  i n f i n i t e  e x t e n t  o f  t h e  beam and base,  and i t s  cons t an t  

p r o p e r t i e s ,  as w e l l  as because of t h e  assumption t h a t  v = c o n s t . ,  i t  

appears reasonable  t o  assume t h a t  a f t e r  a time period the  t r a n s i e n t  

motions w i l l  become n e g l i g i b l y  small and t h a t  f h e  beam displacements 

w i l l  approach a s t e a d y  s ta te  [4]. 

observer  which moves wi th  the  load,  t h e  d e f l e c t i o n s  of t he  beam w i l l  

appear  s ta t ic .  This  obse rva t ion ,  sugges t s  t h e  p o s s i b i l i t y ,  o f t e n  

u t i l i z e d  be fo re ,  of t ransforming the  p a r t i a l  d i f f e r e n t i a l  equat ion (1) 

i n t o  an  o rd ina ry  d i f f e r e n t i a l  equa t ion  i n  t h e  moving r e fe rence  frame 

( c , ~ , c )  as shown i n  Fig. 1. With the  new coord ina te s  

0’ 

0 

Thus, from t h e  p o i n t  of view of  an 

g = x - v t  9 * q = y  ; s = z  (11) 0 

d i f f e r e n t i a l  equa t ion  (1) becomes 

Because o f  t h e  s t e a d y  s ta te  assumption, t h e  load P moves a t  a 

c o n s t a n t  a l t i t u d e  and hence does n o t  experience a n  a c c e l e r a t i o n  i n  the  

5 



z -d i r ec t ion .  Thus, P i n  equ. (12) represents  only t h e  s t a t i c  i n t e n s i t y  

o f  t h e  load.  Note t h a t  equ. (12) is i d e n t i c a l  t o  t h e  equat ion of a beam 

which rests on a Winkler l a s e ,  is compressed by a n  axial fo rce  (N-tmv:), 

and is sub jec t ed  t o  a lateral  load P a t  5 = 0. 

The s imples t  method of  so lv ing  equ. (12) i s  t o  set  t h e  r i g h t  hand 

s i d e  equal  t o  ze ro  and t o  incorpora te  t h e  concentrated load P through 

t h e  matching condi t ions  a t  4 = 0. S e t t i n g  

2 

(13)'  
k 
E1 

N + mvo 
; 484 = - 4 3  = 

equ. (12) becomes 

Assuming w = Aes4 and s u b s t i t u t i n g  i t  i n t o  equ. (14), w e  ob ta in  

s4 + 4a2s2 + 484 = 0 (15) 

The f o u r  roo t s  of above equat ion are 

2 2  Noting t h a t  a4-p4 = (a2-p2)(a +p i, we have t o  d i s t i n g u i s h  t h r e e  cases:  

I 

a2 <= p" which corresponds t o  V (17) > 

Note t h a t  t h e  v e l o c i t i e s  vo are real, only  when 

N < 2 kE1 = Ncr 

It i s  w e l l  known t h a t ,  when N 7  NCr, t he  s t a b l e  beam shape i s  not  

s t r a i g h t  and hence d i f f e r e n t i a l  equat ion (1) i s  no t  appl icable .  For t h i s  

case, t h e  necessary a n a l y s i s  ks very  involved and i s  beyond the  scope of 

t h e  p re sen t  paper. 

I n  the  fol lowing w e  analyze the  case when N < N C r j  i n  o r d e r  t o  

determine the  ra i l  response when N approaches the  buckl ing load N cr  ' - a 

6 



s i m p l e r  problem of more immediate practical  s i g n i f i c a n c e , f o r  which equ. 

is  a p p l i c a b l e .  

(1) 

We cons ide r  t h e  case when 

This corresponds t o  c? < f? . 
name 1 y 

The r o o t s  of equ. (10) are complex numbers, 

s1 ,2 '3 Y 4  = * 1 + i U l  (19) 

where 

The corresponding s o l u t i o n  f o r  t h e  r eg ion  ahead of t h e  load P i s  

~ ~ ( 5 )  = e+'< [A, cos(Lt1q) + A z  s i n h ) ? ) ]  + 

+ e-''' [ A3 cos (ws ) + A 4  s i n  (wf )] 

and f o r  t h e  region behind the  load 

3 5 = o  

+ e-'' cos(w5) + sin(ur5)l 5 6 0  

IC i s  reasonable  t o  expect  t h a t  as 5 - m y  w = 0, and as 5 + - m ,  

w = 0. Thus 

a 

b 

A l = A Z = O  ; & = & = O  (23) 

The remaining fou r  c o n s t a n t s  are determined from t h e  fou r  cond i t ions  

a t S = = O  

dw 

It should be noted t h a t  i n  t h e  l as t  boundary cond i t ion  the  term involving 

7 



(dwa/dT - dwb/d{)o is missing, s i n c e  according t o  the  boundary cond i t ion  

above i t ,  t h i s  t e r m  vanishes  a t  4 = 0. The determined c o n s t a n t s  are 

S u b s t i t u t i n g  t h e  c o n s t a n t s  i n t o  equa t ions  (21) and (22) w e  o b t a i n ,  

n o t i n g  t h a t  5 = x - V 0 t ,  

f o r  x 2 v t 
0 

f o r  x <= v t 
0 

Hence, t h e  wave caused by P, and which moves wi th  P a t  a cons t an t  

v e l o c i t y  v < JJ- is synwetrical w i t h  r e s p e c t  t o  P f o r  

any N < Ncr. 

0 

It may be e a s i l y  shown t h a t  when v approaches t h e  value 
0 

/!- t h e  d e f l e c t i o n s  become i n f i n i t e .  Thus, t h e  c r i t i ca l  

v e l o c i t y  of t h e  beam sub jec t ed  t o  t h e  a x i a l  compression f o r c e  N i s  

V cr 

When N = 0, equ. (28) reduces t o  

Noting (29) and (7), equa t ion  (28) 

form: 

2 
N * 7 + - = 1  c r  V 

cr  IN=O Ncr 

(29) 

may be r e w r i t t e n  i n  t h e  fol lowing 

8 



o r  
I I 

v = J 1 - N / N ~ ~ ’  v 
c r  “1 N=O 

Hence when N 4 N t h e  c r i t i ca l  speed v 0. When N i s  a tens i le  c r  c r  

f o r c e ,  v > v . The g raph ica l  p r e s e n t a t i o n  of equ. (31) i s  shown 
CrIN=O 

i n  Fig. 4. 

Comparing equa t ions  (8) and (28) i t  follows t h a t  f o r  any N <  Ncr 

v = c  Thus, f o r  a f ixed  N < N t h e  corresponding vcr is  t h e  

lowest speed a t  which a f r e e  wave of t h e  form (2) can propagate. Therefore ,  

c r  min’ cr’  

Fig. 3 may a l s o  be used t o  v i s u a l i z e  t h e  e f f e c t  of N upon v 

To show the  e f f e c t  of N upon t h e  t r a v e l i n g  d e f l e c t i o n  p r o f i l e ,  

cr’  

equ. (26) w a s  evaluated f o r  vo/(v ) = 0 . 2  and d i f f e r e n t  v a l u e s  of “1 N50 

N/Ncr .  These r e s u l t s  are shown i n  Fig. 5. It may be seen t h a t  as the 

a x i a l  compression f o r c e  N approaches t h e  va lue  (N/Ncr) shown i n  Fig. 4 ,  
0.2 

t h e  ampli tude i n c r e a s e s  r a p i d l y  and t h e  wave l e n g t h  dec reases ,  whereas a n  

i n c r e a s i n g  t e n s i l e  f o r c e  has an  oppos i t e  e f f e c t .  

CONCLUSION 

It w a s  found t h a t  v i n c r e a s e s  wi th  a n  i n c r e a s i n g  t ens ion  f o r c e  N, cr 

whereas v dec reases  with an i n c r e a s i n g  compression f o r c e ;  v ap-  

proaching z e r o  when N + Ncr. 

i n  t he  rails, t h e  c r i t i ca l  v e l o c i t y  v may be reduced, by a raise i n  

temperature,  t o  w i t h i n  the  oRerat ional  v e l o c i t i e s  o f  t r a i n s .  

c r  c r  

Hence, i n  the  absence of expansion j o i n t s  

c r  

I n  view of t h i s  f i n d i n g  i t  i s  expected t h a t  a n  a n a l y s i s ,  based on 

a formulat ion which does inc lude  t h e  i n e r t i a  and damping of t he  base,  

w i l l  a l s o  e x h i b i t  a similar e f f e c t  of N upon v cr’ 

9 
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